
15. 1 Graphs and level curves

Domimaptoas a
rangeoff of R

fassigns to each point
(u,y) in a real no.2)

&

Level curve : take a plane across : the curve that cuts the plane

15. 2 limits and continuity
ylim fa, y = lim fluy

P + Po
-Textbook

If(n , y) - Ll <

0 < (PPol =Y+ (y-b)S

f(u , y) =

cli e(a , b)
C = C

f(u ,y) = x

lim,
f(u , y) = y lies(a

,
b) y

= b

⑳inteboundary
a open

I
closed

differentiability
Az = f(a + Du

,
b + Ay) - f(a ,

b)
15. 3 Partial Derivatives 1 = fula ,

b) Au + fy(a ,
b)y + E

,
Du + Ey

fala, b)
=lim fath-fab) eStay fory

implies continuous

(a ,
b)= fal

1. value defined

Motation: 2
. Limit exists

3. Value = Limit

Clairant Equality tuy = fyn (if continuous

Lecture 4 Differentiability
Explicit : differentiable=> continuous

contrapositive : assume not differentiable
↳at least one of the partial derivatives of and fy not continuous at (a

,
b)

OR there is no (a
,
b) (partial derivative defined at all points of set)

not continuous not differentable



15. 4 Chain Rule

no branding +
-sbranding
Ot dud
-Textbook

Implicit Differentiation= 0

Flu , y)

15 .
5 Directional Derivatives and the Gradient

slope = flathu,
b + hul -f(a ,

b)
(secant) h -Textbook

Hangut= lin,"I

Directional derivative

Duf(a ,
b) =(fu(a ,

b)
, fy (a ,

b)] · <U,>

Du
,fula ,

b) = fu(a) (u) + fulb) (4
.)

Durfy(a ,
b) = ty (a) (42) + fy(b)(u)

Gradient (2D) take every term with a in it
, partial diff with

, put values - gradient
↓&fluy) =<fu (x,y) , fyln , y) = fully) + fyly ,y)j

multiply by directional u = directional derivative

Pufla ,
b) =f (a , b) · u

but when direction given? I make it's then multiply by gradient-directional derivative

Duf(a ,
b) = Vf (a

,
b) u

= (f(a , b)) coso Du = u xPf( , y ,
2) = falu , y ,

2) : u,

+ fy (n
, y ,z)jun

+ fe (b
, y ,

z)k Us
-

=Textbook
- -

m
fin , y)

= Pf(u ,y)or'(t)
-

-

mu

15.6 Tangent Planes and Linear Approximation
Implicit functions F(u

, y ,
z) = 0

Fula ,
b

,
c)(u - a) + Fy(a ,

b
, c) (y - b) + Fz(a ,

b
, c)(z- c) = 0 - equation

of
z = L(x

, y)F(u , y) =2 Explicit Functions
the

Linear L (u
, y) at (a , b)

planeApprox. ->↳ = fu(a ,
b) (n - a) + fy(a ,

b) (y - b) + f(a , b)

OR = fulab ,
d(x - a) + fy(a , b

, c)(y - b) + fz(a ,
b

,
d(z-d)ab ,

C) for "Change" A2

"I like this one" -sdifferential d
L (20) = f(n) + Of(u)(u))

Lecture 6 same



108 Small Signal Modelng ·JacobianJu, v) = [] nona

equilibrium value of? , _
within constraints=giput

utty

small perturbations
u

,
(t) = V

,
+ Y

,
(t)

=B
↓

mu
f
x

Lec9 Double integrals over rectangular regions
v

=fu , ydydu = flu , y) dudy

Lec 10 Double integrals over non-rectangular regions
J/fcu , y)d = SS fluys dyde

volume between bounding surfaces
v =

J)f(u , y)dA-Jfglu , y A

-Prof Dawsoneven even

odd oddleven

#



Triple integralsLecture 11 (Reading 3 Short

finding limits

- Prof Dawson
a

Changing Order of Integration
I

graph - midpoints
T

of a function ofThree variablesAverageValue

< Prof Dawson
I

a xyxz = volume

I

fla , y) -

SJfduya
=glu,

change of variables in multiple integrals (2D and 31)

- SJg(u ,
v)

,
hu

, v)(3(det And

31 . 2) =

/oI I



Lec14 SS in polar
7 T

-

Bounds

u = rcosO Exity +30

y= using tano= Ot(0
,
2)

Suffe , yldndy =

JSf-modd
a

ps fr , or and Average :(Sardodo Save

Lec15 (S) in cylindrical coordinates

7. y
+

Bound

Tangle with +rece thumbed from 2
u = rcosp r

=
= x+yz v2,o

y= using tanot o Co
,

2M]

z = 2 z = Z 2 EIR

I'sing

- f = r+2
O

SJS+ (a . y , 2) dudydz eHomeBardo z E9 = tan()
Lec16 Triple integrals in spherical coordinates

x = Using coso r=x+ y+ z r >,o and
t

- I

T T Bounds

y = rsinsing tano = o [0 , 2M] (veh)

·
z

z = v cost tand =y2 & (0 , MJ (not strict)
Z-90 for Jacobian for Boundary

= sin 90--cost a $1b ba < T

=

-Lostgrind dyd aa



Lec17 Line integrals of vector dot product

Types of Integrals

contour wire (cuve) in 2D or 3D) + open ,
closed open closed

=> lineNo g
outwarae

noname

integral JE. GERds Z2D , along i a
closed

· open
& o >

2D contour

3D contour circulation/m > scalar

L
circulation density

Surf-ace minds manget ↓
flux
-

ndS

a >

rector (F.nds &F.n, d JCD,alonge
Y

Flo (flux density)

Mine density

gen ,a

a

have to be continuous

3SpecialCases : F . nds
enthave bediftena in 3D

,oras

1) GD if F = A 2) Eesurface
densityit

feux/m2Lescalar

SE .
Tds = God J, F.as =

I was
Average-

Parameterized Explicit

-
2D parameterized u(t) y(t) -xi , i)

E = < n
, y)

i= (i
, j 7-

ds=y Tds = Edt = (ii)at

right handed system Usds =< y ,
-2) at = Lis

circulation : & F.Tds =figs·de

Ta

flux-fF . nds=f, ga. Li, isde

is in 3D

2D rector field = <
, y ,

2) i = <i
, y , z

(f(x , y) , g(y , y)) =
x = g(u , v) y = h(u

,
v)z = f(u , v)

#= ]

dS

-dudv
=<

= rids : FuxEr dudv

ds = /EnxEr) dudu



j
T - tangent : FOF i

r = < x
, y ,

z

ids ior jdt
i =(xi

, j ,
i

us &S

nEr
s

- * tuxtu dudv ⑤4 o x > dudv

Ye

tu Xty

F
circulation (F .as

thux SFinds
circulation = SS are n dady

y

Divergence Tof
flux =If divergence dndy

Curl UXF =

Divergence theorem

⑧F . nas = If I da

#F . nds = fffgaV
y =or

Stoke's theorem

OF . Tas = JJ exFinds

&sino -0e Lost = Sint

so
e-sino JsnD = -coo

4M"flu) 2Mr f(r)

Shell : 2 f(r-R) (rising) - 4HR
*

(2) Cylinder :

I : 94 (R2 -R)
point: SIr) ↳ Q shell : J

, fr-R) : 2MR J
2Mr2

Sphere : J (ringetter (10) filament :

I i I



line and surface integrals
↑
nds Ed

r circulation flux (2D + bullshit
line integral (2D

, 3D) surface integral (31)

>X lines/ contours

SF .Tas ⑧F.de C :

SFonds
3 :

ggF.
naS

line in 3D
Z

& T = <x
, y ,

z] rector valued function
↓

Fas Scalar (1 line density 7 Eds = idt

Soor/Xds = integral along ds = it de
the contour

↑

L m = < y ,

- x) right scalar function
handed system

or <-y ,
2) left

handed system
un

· 3D

Circulation and flux in 2D circulation
d

thex 2D

i Marclength

parametric act1b = ds = ir at =f+ at

: = (u(t) , y(t) ,

2(t)]

explicit
- one of the variables has to be

i = <x , y(n) ,
z(x ,y) independent Yds = < , jde n

= d=,
idt in general - does not hold for 3D

↑
Circulation and flux in 3D

-> 3D = = (x , y , z)

I
a

I quick tip
how to do cross product

Yzasfam -
=

n
,

dS = (Ex&) do At

d ↓

do
Surface integral

J
,

115
,
xTe explicit representation

surface < x
, y , (n

, y)]
Vector

SJE (u,
v)

, y(u , v)
,

z( ,v)) · (EuXE)dud
reimann P = JJ

,

U(
, y ,

z(n
,y))

vu

scalar parameterized form

S +(uv)
, y(u , v)

,

z(u ,v)) · /EnXEl dude & fux S
,

Fods

ItxXtyldndy

vu

Vector

S F (a
, y ,

2 (n , y)) · /Ex < Ey) Andy Sexplicit form
xy
scalar

S) + (a
, y ,

z (n , y)) · JEx * Eylaudy
xy -

->Prof

Dawson



Do Divergence D. Fairc =O

units :

2D
lim Ona (flux/m)oF =(g) · <Fu

· Fy) (hex/m) scalar output

3D ms (ux/m) D . F=FF (flex/m3) (dot product

DX Curl DXFax = O

CDhim (irc/m)F =E (circ/m Vector output
(cross product)

3D DXF =

↳
Kisss

"Green's Theorem" ↓ 2D version

Lagrange's formula (vector Laplacian)

X (D· A) - Mx (MXA) = X-A Gas = ISS. . Far

gives net flux

Helmholtz Decomposition Theorem

F

=xin

OXE = 4x7x = 5 -0 source free
- Stokes /..

as = Inosa

5 rotation

D . E =D = I to irrotational divergence SffdV
= Qendosa

Stoke's (curl Theorem + Ja -

%F. as = JUXE (nds)
->(tuxtv) dudv

gives not flux

Dirac Distributions

I filament Charge Density &(r)

surface charge density f(r-R)

Point q = JSS~
PS(n) Scy)J(z) dzdy da dru sind du'da

Surface q = JSSu Wf(z) decyda =S ~ S(r'-RJr' dr' dodz a f(r'-R)rsinddr'dydo

Line Q = SSSv1 (c) fly) du dydz

I choose parallel 5 to as
planar axial circumferential

Surface ↳ I s
didaddea

don I -R . dr'd do

Line 1 flyddydnf/r' .
ridr'do

r = (3)

R = 2

Vector Transformation T
2D -Vcoso-sinoV ·persearo siaI

Vy since coso Vo
-

---
~

Va inverse
3D

J

casa-sino
Transpose

= [aso sindof right,aVy = Up

L
Vz

-

O O I -z

-- -

Va cossing asposed-sino

= JigVy = sinsing sinocost cost
VI

Ve,
cost-sind O

-O



Unit Vectors (relationships)

- Prof

Dawson's

-> Notes

Divergence Theorem

compute ①

quate ofas-a

wef class 27

Stoke's Theorem

PF. Tds = 99,

7 .
nas = SS

,

0xF · nas

HHS Rs
compute dequate

- find F.


